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Abstract
Jackson and Ordaz conjectured that if the stability number (G) of a graph G is no greater than its connectivity (G)
then G is pancyclic. Applying Ramsey’s theorem we prove the pancyclicity of every graph G with (G) su7ciently large
with respect to (G).
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1. Introduction
We study =nite, undirected and simple graphs only. We use the notation =(G) and =(G) for the stability number
and the connectivity of a graph G, respectively. By Cp we denote a p-cycle of G, i.e. a cycle of length p. The order of
G will be denoted by n. A graph of order n is said to be pancyclic if it contains cycles of every length p with 36p6 n.
In 1972, Chv-atal and Erdo˝s [6] proved the following su7cient condition for a graph to contain a hamiltonian cycle.
Theorem 1. Every k-connected graph on n¿ 3 vertices with stability 6 k is hamiltonian.
This theorem violates the Bondy’s metaconjecture [2] saying that almost all nontrivial su7cient conditions for a graph
to be hamiltonian also imply that it is pancyclic except for maybe a simple family of exceptional graphs. Indeed, there is a
large family of triangle-free graphs (see for example the survey [4]) that satisfy the hypothesis of Chv-atal–Erdo˝s theorem
and that are not pancyclic. This family contains the complete bipartite graphs as well as the graphs of the form Ci3i+2, the
complement of the ith power of the cycle C3i+2. The problem of the existence of cycle lengths in graphs satisfying the
Chv-atal–Erdo˝s condition has been treated in several articles. Below, we cite a result due to Lou [10] that was conjectured
by Amar et al. [1].
Theorem 2. If a triangle-free k-connected graph G satis7es (G)6 k, then G has cycles of every length between four
and the order of G, unless G = Kk;k or G = C5.
In what follows, we shall use the Ramsey theorem [12] that can be formulated in the following way:
For every k; m¿ 2, there exists an integer r(k; m) such that each graph of order n¿ r(k; m) contains a clique on k
vertices or a stable set of cardinality m.
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The Ramsey number R(k; m) is de=ned to be the smallest number r(k; m) with this property.
Recently Flandrin et al. [7] obtained the following theorem improving a result of Flandrin et al. [8].
Theorem 3. Let G be a k-connected graph with stability number . If 6 k and the order of G is greater than
2R(4;  + 1), then G is pancyclic.
But if (G) is less than the connectivity of G then this graph has to contain a triangle. Taking into account this
observation Jackson and Ordaz [9] proposed the following conjecture.
Conjecture 1. Let G be a k-connected graph with stability number . If ¡k, then G is pancyclic.
This conjecture seems to be very hard to prove. By results due to Amar et al. [1] and Chakroun and Sotteau [5] the
conjecture is valid for every graph G with (G)6 3 (see also [11]). Marczyk and Sacl-e [11] proved it for each graph G
satisfying (G)6 4. Obviously, by Theorem 3, the conjecture is true for graphs of order greater than 2R(4;  + 1).
The purpose of this paper is to show that every graph G of stability number  is pancyclic provided the connectivity
of G is su7ciently large with respect to .
Our main result reads as follows:
Theorem A. Let G be a k-connected graph with stability number  such that
k ¿ + ( + 1)R( + 1;  + 1):
Then G is pancyclic.
Clearly, for a graph G with k su7ciently large in relation to  the order of the graph may satisfy also the hypothesis
of Theorem 3. However, the domains of application of these two theorems seem to be diMerent.
2. Notation
Let C be a cycle of G and a a vertex of C. We shall denote by
→
C the cycle C with a given orientation, by a+ the
successor of a on
→
C and by a− its predecessor. We write a++ for (a+)+, a+k for (a+(k−1))+ and a−k for (a−(k−1))−.
Let a and b be two vertices of C. The segment of
→
C from a to b, denoted by a
→
C b is the set of consecutive vertices
of C from a to b (a and b included) in the direction speci=ed by the orientation of C. The orientation of C de=nes the
natural relation of order in a
→
C b (denoted by ≺). Clearly, when a= b the notation a
→
C b means one-vertex subset {a} of
V (C).
Throughout the paper the indices of a cycle C = x1; x2; : : : ; xp are taken modulop.
Suppose A is a subset of V (G\C). The notation NC(A) stands for the set {y∈V (C) | there is a vertex x∈A such that
xy∈E(G)}. We write NC(x) for A= {x} and we denote by dC(x) the number |NC(x)|.
The unde=ned terminology can be found in Bondy and Murty’s book [3].
3. Proof of Theorem A
Suppose that G is a k-connected graph of stability number  such that k ¿ + ( + 1)R( + 1;  + 1). From a result
of Amar et al. [1] and Chakroun and Sotteau [5] it follows that the theorem is valid for 6 3, therefore we may assume
¿ 4.
1. We =rst prove that G contains a cycle Cp for every p such that p¿ n−k+. Indeed, delete n−p6 k− arbitrary
vertices from the graph G. The connectivity of the resulting graph B is at least k − (n − p)¿ k − (k − ) =  and the
stability number does not exceed . By Chv-atal–Erdo˝s theorem B is hamiltonian, therefore it contains a cycle of length
|V (B)|= p and our claim is proved.
2. Now we shall prove that for every p such that p6 2(k−)=(+1)+3, G has a cycle of length p. Observe =rst that
by assumption n¿ k+1¿k−¿R(+1; +1). Since G has no stable set of cardinality +1, it follows from Ramsey
theorem that it contains a clique of + 1 vertices. Clearly, G contains a cycle Cp for 36p6 + 1 and in particular, it
contains a triangle. Denote by K a ( + 1)-vertex clique of G and let H = G\K . The graph H is (k −  − 1)-connected
and because k − − 1¿R(+1; +1)¿, it follows from Chv-atal–Erdo˝s theorem that H has a hamiltonian cycle, say
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Fig. 1.
C. Let
→
C denote this cycle with a given orientation. Observe that dC(x)¿ k −  for x∈V (K) since the degree of every
vertex in G is at least k.
Let l, 16 l6 (k − )=( + 1) be an integer. We claim that there exists an ordering x1; x2; : : : ; x+1 of vertices of
K and a sequence y1; y2; : : : ; y+1 of vertices of C occurring on
→
C in order of their indices such that xiyi ∈E(G) and
|yi
→
C yi+1|¿ l+ 1 for every i = 1; 2; : : : ;  + 1 (the indices are to be taken modulo  + 1).
In fact, let x1 be an arbitrary vertex of K and y1 a neighbor of x1 on C. Clearly, |NC(x)∩y+l1
→
C y−1 |¿ k−− l¿ l for
any vertex x in K\{x1}. Let y2 be the smallest (according to the relation ≺) vertex of NC(V (K)\{x1}) in the segment
y+l1
→
C y−1 and let x2 be a neighbor of y2 in K\{x1}. Thus, for x∈V (K)\{x1; x2} we have NC(x) ∩ y+l1
→
C y−1 ⊆ y2
→
C y−1
and |NC(x)∩y+l2
→
C y−1 |¿ k−−2l¿ l. Now we take the smallest vertex of NC(V (K)\{x1; x2}) in the segment y+l2
→
C y−1
and we denote it by y3. Afterwards we choose a neighbor of y3 in K\{x1; x2}, we denote it by x3 and we proceed in the
same manner  times. The resulting sequences x1; x2; : : : ; x+1 and y1; y2; : : : ; y+1 satisfy the following condition
|NC(xi) ∩ y+li−1
→
C y−1 |¿ k − − (i − 1)l¿ l; i = 1; 2; : : : ;  + 1:
Therefore, |yi
→
Cyi+1 |¿ l+1 for all i6 . If i= +1 we choose y+1 as above, and since |NC(x+1)∩ y+l
→
C y−1 |¿ k −
− l¿ l; there exist at least l− 1 neighbors of x+1 in y++1
→
C y−1 and we conclude that also |y+1
→
C y1|¿ l+ 1.
Consider the set {y+(l−1)1 y+(l−1)2 ; : : : ; y+(l−1)+1 } of cardinality  + 1. By assumption it is not stable, so there is an edge
(in G) of the form y+(l−1)i y
+(l−1)
j with i ¡ j. Choose m∈{1; 2; : : : ;  + 1} such that m = i and m = j. The graph G
contains the cycles C′ = yi; xi; xm; xj; yj; y+j ; : : : ; y
+(l−1)
j ; y
+(l−1)
i ; y
+(l−2)
i ; : : : ; y
+
i ; yi of length 2l + 3¿ 5 and the cycle of
length 2l+ 2¿ 4 that we obtain by removing xm from C′ and adding the edge xixj (see Fig. 1).
The integer l is arbitrarily chosen, so G contains a cycle Cp with 46p6 2(k − )=( + 1) + 3 and we have shown
previously that it has also C3.
3. Set p0=2(k−)=(+1)+3. We shall show the existence of cycles Cp for every p such that p0 ¡p¡n−k+ (if
p0¿ n−k+−1 we are done). We proceed by induction on p. Assume G contains a cycle of length p for p06p¡n−
k + − 1. We shall prove that G possesses a Cp+1. Put Fp = G\Cp. Clearly, 2(k − )=( + 1) + 2¡p06p= |V (Cp)|
and k −  + 1¡n − p = |V (Fp)|. Moreover, we have k ¿k − ¿ 12 (k − ) + 2¿ 2=( + 1)(k − ) + 2 because,
by assumption, k − ¿R( + 1;  + 1)¿  + 1¿ 4. Therefore, by Menger’s theorem, there exists a set D of at least
t′¿ 2(k−)=(+1)+2 independent edges between Fp and Cp. Furthermore, by deleting some edges from D if necessary
we obtain a set {x1y1; x2y2; : : : ; xtyt} of t¿ 12 t′ − 1¿ (k − )=( + 1) edges such that xi ∈V (Fp), yi ∈V (Cp) for all i’s
and no two end-vertices yi, yj are consecutive (on
→
Cp). Let G′ be the graph induced by the set {x1; x2; : : : ; xt}. Now, we
use the condition k ¿+(+1)R(+1; +1) (at all other places, k ¿+R(+1; +1) is enough). By this hypothesis
and Ramsey’s theorem G′ contains a clique, say K , on  + 1 vertices. Denote by xj1 ; xj2 ; : : : ; xj+1 the vertices of K and
by Y = {yj1 ; yj2 ; : : : ; yj+1} the set of corresponding vertices on Cp. If y++ji ∈ Y for some i, say y++ji = yjm , then the cycle
yji ; xji ; xjm ; yjm ; y
+
jm ; : : : ; y
−
ji ; yji has p + 1 vertices and we are done. So assume y
++
ji ∈ Y for each i. By assumption Y
is not stable so there are two vertices, say y++ji and y
++
jm , which are adjacent. Now it can be easily seen that the cycle
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yji ; xji ; xr ; xjm ; yjm ; y
−
jm ; y
−−
jm ; : : : ; y
++
ji ; y
++
jm ; y
+3
jm ; : : : ; y
−
ji ; yji , where xr is a vertex of K diMerent from xji and xjm , has p+ 1
vertices. The proof of the theorem is completed.
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